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HYPERBOLIC INVARIANT SETS WITH POSITIVE MEASURES 


ZHIHONG XIA 


Abstract. In this short paper we prove some results concerning volume¬ 
preserving Anosov diffeomorphisms on compact manifolds. The first theorem 
is that if a 6*^"*"“, CK > 0, volume-preserving diffeomorphism on a compact 
connected manifold has a hyperbolic invariant set with positive volume, then 
the map is Anosov. This is not necessarily true for maps. The proof uses 
a Pugh-Shub type of dynamically defined measure density points, which are 
different from the standard Lebesgue density points. We then give a direct 
proof of the ergodicity of volume preserving Anosov diffeomorphisms, 

without using the usual Hopf arguments or the Birkhoff ergodic theorem. The 
method we introduced also has interesting applications to partially hyperbolic 
and non-uniformly hyperbolic systems. 


1. Introduction and statement of main results 

We consider volume-preserving or symplectic diffeomorphisms on a compact con¬ 
nected Riemannian manifold M. Let Diff^(M) be the the set of all diffeomor¬ 
phisms preserving a smooth volume // on M. If r is not an integer, r = k a 
for some positive integer k and 0 < a < 1, it is understood that the functions in 
DiffJ^(M) are functions with a-Holder k-th. derivatives. 

An invariant set A C M is said to be hyperbolic if there is a continuous splitting 
of TxM = for every x € A and constants C > 0, A > 1 such that 

dUE^J = and 

|d/>*| < for all?;" GE*, neN 

< CA-^ln^l, for all G E", n G N 

If the whole manifold M is hyperbolic for some / G Diff^(M), then / is said to 
be Anosov. Not all manifolds can support Anosov diffeomorphisms. 

Typical examples of hyperbolic invariant sets are Cantor sets as in Smale’s horse¬ 
shoe map. The following simple proposition explains why this is the case. 

Proposition 1.1. Let f G Diff^(M), r > 1, 6e o volume-preserving dijfeomorphism 
on a compact manifold M. Let A G M be a closed hyperbolic invariant set. If the 
interior of A is non-empty, then f is Anosov on M and A = M. 

This proposition and its simple proof, given in the next section, will motivate our 
main result of this paper. The proof uses the fact that the recurrent points are dense 
on the manifold. This is a consequence of the volume-preserving property. Without 
the volume-preserving or the dense recurrent points condition, the proposition is 
not true, we refer to Fisher ^ for a counter-example. Fisher also give a proof of 
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the above proposition. On the other hand, it is an open problem whether there are 
any Anosov diffeomporphisms with wandering domains. 

A natural question one asks is whether there is any hyperbolic invariant set 
with a positive measure for a volume-preserving non-Anosov diffeomorphism. The 
answer is yes for diffeomorphisms, as Bowen’s example of fat horseshoe shows 
0, see also Robinson & Young |H]. However, if the map is assumed to be (7^+“ for 
some a > 0, then the answer is no. This is the main result of this paper. 

Theorem 1.2. Let f S DifF^(M), r > 1, be a volume preserving dijfeomorphism 
on a compact manifold M. Let A G M he a elosed hyperbolic invariant set. If 
/r(A) > 0, then f is Anosov on M and A = M. 

It is not surprising that the map is required to be As various examples 

show, measure-theoretical properties are often not respected by maps. Addi¬ 
tional smoothness, even though very little, guarantees certain regularities in mea¬ 
sure. 

Our proof uses a special type of measure density points different from the 
Lebesgue density points. The density basis for our density points are dynami¬ 
cally defined. It is similar to the juliennes defined by Pugh & Shub But our 

case is much simpler. 

Our method also provides a direct proof of the ergodicity of volume¬ 

preserving Anosov diffeomorphisms, without using the Hopf arguments or the Birkhoff 
ergodic theorem. However, we do use the absolute continuity of stable and unstable 
foliations. This is given in the last section of the paper. 

Another result of this paper Lemma 14.11 is of interest in its own right. We 
showed that for a hyperbolic or partially hyperbolic volume-preserving dif¬ 

feomorphism, if a set is invariant, then almost every point of the stable manifold 
(or unstable manifold) of almost every point is in the invariant set. This is also 
true for non-unifomly hyperbolic invariant set in Pesin theory. This result can find 
its applications in various other problems. 

We are grateful to M. Viana for pointing out that Theorem 11.21 was also proved, 
with a different method, by Bochi and Viana 12]. We are also grateful to F. Ledrap- 
pier for showing us another possible proof of Theorem 11.21 

2. Proof of the proposition 

In this section, we give a simple proof of the Proonsition ll .11 

Let U be the interior of the hyperbolic invariant set A. By the assumption of 
the proposition, [/ 0. Clearly, U is invariant. We want to prove that the closure 

of U, U is the whole manifold. We know that U is closed, it suffices to show that 
U is also open. 

For any x G U, there exists a sequence of points a;„ G C/, n e N, such that 
Xn, —*■ X as n —> oo. As / is volume preserving, by Poincare recurrence theorem, 
almost every point is both forward and backward recurrent. Moreover, the set of 
periodic points is dense in [/, since Lf is hyperbolic. We may choose {x„}rtgN to 
be periodic points. Since U is invariant and each Xn is an interior point in U, then 
IF®(Xn) and IF“(Xn) are in U for all n G N. For each fixed i5 > 0 small, let Wf{x) 
and Wg{x) be, respectively, the local stable manifold and unstable manifold of x. 
As x„ ^ X, as n ^ oo, we have that IF|(x„) ^ Wf^x) and W^{xn) —> Wg‘{x) as 
n —> oo. This implies that each point on IF|(x) or on Wg{x) is also in the closure 
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of U. Let y G W^(x) and z G W^{x), the same argument shows that W^{y) and 
W^{z) are both in the closure of U. Consequently, 

wriy) n Wiiz) G u, 

i.e., U has the product structure. This implies that x is in the interior of U. 
Consequently, the set U is open. Since U is also closed and M is connected, we 
have U = M. i.e., / is hyperbolic on M. 

This proves the proposition. 

3. Proof of the Theorem 

The proof of Theorem 11.21 uses a similar idea to the proof of Proposition ll.il but 
the details are much more complicated. Here the interior points are replaced by 
density points. One may regard the density points as measure theoretical interior 
points for a set with positive measure. 

We need some preliminary results from standard smooth ergodic theory. It is 
well-known that the stable and unstable foliations for a Anosov diffeomorphism 
may not be absolutely continuous. However, for (7^^“ diffeomorphisms, these fo¬ 
liations are absolutely continuous (Anosov PP). Moreover, the stable and unstable 
foliations over a hyperbolic (even non-uniformly, cf Pesin [^) invariant set are also 
absolutely continuous for diffeomorphisms. In fact, the absolute continuity 

of the foliations is proved by showing that the holonomy maps of these foliations 
are absolutely continuous. 

We also need some results on density basis and density points of a measurable 
set. Let A C M" be a measurable set with the standard Lebesgue measure m. A 
point cc G K" is said to be a Lebesgue density point if 

m(i?(a:, e) n A) 

lim- 7—7 --— = 1, 

m{B{x,e)) 

where B{x, e) is the e-ball centered at x. Lebesgue density theorem states that 
almost every point of A is a density point for A. 

To prove our theorem, we need a different definition of density point. The 
Lebesgue density point is defined by a basis of e-balls. We replace it by a dynami¬ 
cally defined basis. Let A C M be a hyperbolic invariant set, we first define a basis 
on the unstable manifold for each point A. 

For a fixed small real number (5 > 0, let Wf(x) be the local unstable manifold of 
a point X € A. Let ycu and p,s respectively be the induced measures of the smooth 
volume form y on the unstable leaves and stable leaves. Let Uu and Ug respectively 
be the dimensions be the unstable and stable leaves. For any positive integer fc, let 
B'^{x) be a subset of W^{x) defined by 

B-{x)=r'^{Wr{f{x))). 

Clearly, the cubes B^{x), k G N shrinks to the point x as k ^ oo. We call the 
collection of the sets {B]^{x) | fc G N, a; G A} the unstable density basis. 

Similarly, we can define the stable density basis {B^{x) | fc G N, x G A}, by 
defining 

Blix) = fHwnrHm- 

The density basis we defined has infinite eccentricity. 
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A point a: G A is said to be a dynamical density point, or simply density point, 
on the unstable foliation if 

Mu(gfc(x)nA) ^ 

Similarly, we can define the dynamical density points on the stable foliation. 

Proposition 3.1. The set of points on A that are both density points on the stable 
foliations and unstable foliations has the full measure in A. 

Our definitions of density points can be regarded as simplified versions of the 
juliennes density points defined by Pugh & Shub B m The Pugh-Shub density 
points are defined by the julienne density basis and they are much more complicated 
than what we have here. The above proposition follows from the proof for the 
Pugh-Shub’s juliennes density point. The proof itself is similar to the proof of the 
Lebesgue Density Theorem. The key properties for the density basis are scaling 
and engulfing defined as follows. 

(a) Scaling: for any fixed fc > 0, m{Blf{x))/ is unformly bounded as 
n oo. 

(b) Engulfing: there is a unifom L such that 

n ^ 0 ^ U C i3“(a;). 

These two properties can be easily verified. 

We remark that our density points are defined on the stable and unstable folia¬ 
tions, we freely used the fact that the stable and unstable foliations are absolutely 
continuous. 

Let A be a subset of A such that for any a: G A, x is a density point of A on 
both stable foliation and unstable foliation; and x is a recurrent point, both forward 
and backward. By Poincare recurrence theorem. Proposition Em and the absolute 
continuity of the foliations, the set A has the full measure in A. 

The following is the main lemma in proving our theorem. 

Lemma 3.2. Assume that f is a volume-preserving diffeomorphism, for 

some positive number a > 0. Fix x G A and a positive number 5 > 0. Then for 
any e > 0, there exists a positive integer ko, depending on x and e, such that for 

pis(Wi{f->^{x))nA)>{l-e)psiW!ir'^ix))) 

and 

n A) > (1 - e)fiumifix))) 

i.e., for sufficiently large k, the set A has a very high density in Wg{f~^{x)) and 

Proof of the lemma: We first prove the lemma for the unstable foliation. Let Uu 
be the dimension of the leaves of the foliation, local unstable manifold Wg{x) can 
be identified with a cube in Ef = K"“ by the exponential map from Ef to W“(x). 
Since the leaves of the unstable foliation is smooth, the conditional measure pLu 
are smoothly equivalent to the standard Lebesgue measure m on K"“. i.e., for any 
point X G A, there is a smooth function gu{y) defined for y G Wg{x) on the local 
unstable manifold, uniformly bounded away from zero and infinity, such that 
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where E is a, measurable set in (x) and m is the standard Lebesgue measure in 


For any positive integer k, we want to estimate the measure of the set Wg{f^{x))r] 
A. Let = f-'^iW^if'^ix))), obviously C W^(x). In fact, B^ is the set 
B'j^{x) in our definition of density basis. We iterate Bq under / and obtain a se¬ 
quence of sets Bf = /^{Bq), for i = The last set in the sequence is 

Let r]k = I — /ru(So ^ 0 < 77 ^ < 1. As a; is a density point on 

the unstable foliation, 


lim ^ 


= 1 , 


k^oo 

The number rik is small for large k, and limfe^oo r/fc = 0. Since / is , there 
exists a constant Ci > 0 such that \\dfy — dfz\\ < Ci\y — z\°'. Here we abuse the 
notation a little by writing \y — z\ as the distance between y and z. 

Let pf be the maximum distance from f^{x) to the boundary of B^, i.e., 

Pi = max{d(/*(a;),y)}. 

For any 2 / e B^, 11 d/y - d/^ 11 < C'i(p§)“- In general, for any 1 / G Sf, \\dfy-df< 

Cliff r. 

Let Juiy) = I det(d/y|£;j)| be the Jacobian of the map f at y restricted on the 
unstable manifold of y. Then \Juix) — Juiy)\ < C 2 \x — y|“, for some positive 
constant C 2 > 0. 

Let Do = Bf\A and Di = Bf\A, tor i = 1,2,..., k. These are the complements 
of A in Bf. By the definition of rjk, fuiDo) = rjkfuiBf). We need to estimate the 
measure of Di. For any set E C Bf, 

PuifiE)) = / gudm = / J„(p„ • f )dm = / J„(5„ • f )g~^dfu 
J f(E) JE JE 

Since the functions and g~^ are smooth on any unstable manifold, the inte¬ 
grand in the above integral is (7^+“, there is a constant Cs > 0 such that 

\Juiy)igu ■ f)iy)gu^iy) - Juix)igu ■ f)ix)g-'^ix)\ <Co\x- 2 /|“, 
for all a: G A, y G W^ix). Therefore, 

\fuifiE)) - iJu{x)igu ■ f)ix)gZ\x))fuiE)\ < CMTpuiE). 
Consequently, 

PuiDi) < {Jn{x)igu ■ f)ix)g~^ix))fuiDo) + Coipf)°‘fuiDo) 

and 

PuiBf\D,) > iJuix){gu • f)ix)g-\x))fuiBf\Do) - CMTfuiBfXDo) 
and therefore 

.. 77-1 (1 + C'3(Po)“) ,, 

Pu{Di)<rik, ^ )• 


(i-cMr) 


By induction on i, we have 


PuiDk) < Vk 


(l + C3ipfr)il + CMr) (l + g3(pti)“) 
(I - coUr) (1 - cMr) ■" (1 - coipt.r) 


PuiBf). 
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The map df : TaM —>■ TaM uniformly expands vectors on the unstable splitting. 
That uniform expansion extends to local unstable manifolds Wg(x), a; G A if i5 is 
chosen small enough. There exist positive real numbers C 4 > C > 0 and A > Ai > 1 
(here C and A are the same as those in the definition of the hyperbolic invariant 
set) such that and for r = 0,1,..., fc — 1. This 

implies that 




< 


Vk 


(1 


(1 


^3(^4 A 


- fc +1 


(l-C'3(C4Ar(5)“) (1-C3(C4AI 


- fc +1 


(i + c3(C4Ar^^)") 

(i-c3(C4Ar'5)“) 


Pu{Bt) 


sr) 

sr) 


VkPuiBt) n(l + CsiC^XI^Sr)/ n(l - CsiC^X^W) 

i=l i=l 


Since A > 1, then A“ > 1, the infinite products converge. We have 


< C^PkPu{Bi^\ 


for some constant Cs > 0. 

Choose a positive integer ko such that for k > ko, pk < e/Cs, then we have 


p^{W^{f{x)) n A) > (1 - e)pu{W^{f\x))), 


for all k > ko- 

This proves the statement of the lemma on the unstable foliation. The part on 
the stable foliation can be proved in the same way by considering f~^. 

This proves the lemma. 

We return to the proof of the theorem. Let E be the closure of A in M. We 
claim that ify € E, then Wg{y) C E and Wg{y) C E. 

Suppose that this is not true, i.e., there is a point 0 S TT“(y) and a small ei- 
ball around z, B{z,ei) C M such that B{z,€i) D A = 0. Consequently, there are 
constants €2 > 0, depending on ei, and Cq > 0, independent of ei, such that if 
X € A, \x — y\ < € 2 , then 

PuiW^ifix)) n A) < (1 - Cee--)pu{W^{f{x))), 


for all fc S N. 

On the other hand, since y € E, there is a sequence of points Xj S A, i S N such 
that Xi ^ y and i 00. For the above ei, there is positive integer io such that if 
i > io, d{xi,y) < ei/3. For any fixed e > 0, by the lemma above and the recurrence 
of Xi, there is a positive integer k > 0 such that d{xi, f^{xi)) < ei/3 and 

PumifHx^)) n A) > (1 - e)puiwnfixi))). 

Since d{y, f^{xi)) < ^ < £ 2 , choosing e = Cee"” leads to a contradiction. This 
contradiction show that if y G E, then Wg{y) C E. Similarly by considering /“^, 
we have Wg{y) C E. 

To conclude our proof, for any y G E, Wg{y) C E and 

C= IJ W!{z)cE. 

zew^(y) 
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Since V is hyperbolic, y is in the interior of V. This implies that is an open set. 
But V is also closed and non-empty. The connectness of M implies that E = M. 
This implies that / is Anosov. 

Finally, the reason that A = M in the first place is that / is ergodic, any invariant 
set with positive measure must have full measure and its closure must be the whole 
manifold. 

This proves the theorem. 


4. Ergodicity of volume preserving Anosov diffeomorphisms 

In this section, we give a direct proof of the ergodicity of (7^“'"“ volume-preserving 
Anosov diffeomorphisms, without using the usual Hopf arguments or the Birkhoff 
ergodic theorem. 

We first prove the following lemma. 

Lemma 4.1. Let f € DiffJ^(M), r > 1, be a volume preserving diffeomorphism on 
a compact manifold M. Let A C M be a hyperbolic invariant set (not neccessarily 
closed). If /r(A) > 0, then for a.e. x G A, W’^fx) C A modulus a Hs-measure zero 
set in IF®(a;) and W'^fx) C A modulus a pLu-measure zero set in W'^{x), where 
pLs and Hu are respectively the induced measures of p, on the stable and unstable 
foliations. 


Proof. For any fixed positive integer k and positive number rj > 0, let A(^ j.) C A 
be the set such that 


HuiBnx)nA) 

LuiBUo^)) 


> ( 1 - 7 ), 


for all i > k 


Since almost every point of A is a density point of A, for any rj > 0, 


lim piA^n.k)) = m(A). 

k—^oo 

By Poincare recurrence theorem, for a.e. x G A(^ j,), there exists a sequence of 
integers Ui ^ oo such that /“"‘(cc) S A(^_fc). By the distortion estimates from the 
last section, 

Hu{W^{x) n A) > (1 - C5v)hu{W^{x)), 

where Cs and 6 are fixed constants from the last section. Since the above estimate is 
independent of k, it must hold for almost all x G Since = 

/i(A) for any fixed rj > 0, this implies that for a.e. x G A, 

Humix) n A) > (1 - C5v)Humix)). 


This is true for all 77 > 0, therefore, for a.e. x G A, 


7«(WT(a;) n A) = HuiWf'ix)). 


This proves the lemma for the unstable foliations. The results on the stable 
foliation can be proved in the same way by considering f~^. 

This proves the lemma. 

Now we can prove the following ergodicity theorem. 


Theorem 4.2. Let f G DifP^{M), r > 1, be an Anosov volume preserving diffeo¬ 
morphism on a compact manifold M. Then f is ergodic. 
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Proof. Let A C M be an invariant set and /r(A) > 0. Let As C A be the set such 
that for each x £ As, a.e. (fig) y in Wg{x) is in A. The above lemma shows that 
/r(As) = A^(A). Also by the above lemma, for a.e. z € A, a.e. (y^„) x in Wg{z) is in 
As. By the absolute continuity of the stable and unstable foliations, the set 

U ^i^y) 

y(iW^(z) 

has the full measure in the 5 neighborhood of z and therefore A has the full measure 
in a (5 neighborhood of z for a.e. z £ A. This implies that A has the full measure 
in M. Since A is an arbitrary positive measure set, this implies ergodicity. 

This proves the theorem. 

Finally we remark that Lemma is also true for partially hyperbolic invariant 
and non-uniformly hyperbolic invariant sets (sets with non-zero Liapunov expo¬ 
nents). The proof is exactly the same. 
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